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REPRESENTATION OF NON PERIODIC FUNCTIONSBY TRIGONOMETRIC SERIES WITH ALMOSTINTEGER FREQUENCIESGADY KOZMA AND ALEXANDER OLEVSKI�IAbstra
t. Inspired by Men'shov's representation theorem, weprove that there exists a sequen
e {λ(n)} ⊂ R̂, λ(n) = n + o(1),
n ∈ Z su
h that any measurable (
omplex valued) fun
tion f on
R 
an be represented as a sum of almost everywhere 
onvergenttrigonometri
 series ∑

cneiλ(n)x.1. Introdu
tionThe Men'shov theorem (1940, see [Ba, 
h. XV℄) states that everymeasurable 2π-periodi
 f 
an be represented as a sum
f(x) =

∑

n∈Z

cne
inxof (nonunique) trigonometri
 series 
onvergent a.e. on R. This famousresult has served as a starting point for many further investigations,see [TO℄ for a 
omprehensive survey and referen
es.A non-periodi
 analog of the theorem is also known [D℄, where f isexpanded in a �trigonometri
 integral� involving all frequen
ies λ ∈ R̂.The aim of the present note is to show that by small perturbations ofintegers one 
an get a universal spe
trum of frequen
ies whi
h allowsto represent any nonperiodi
 fun
tion on R by pointwise 
onvergenttrigonometri
 series.Theorem. There exists a real sequen
e Λ = {λ(n)}∞n=−∞,(1) λ(n) = n + o(1)su
h that every measurable fun
tion f : R → C 
an be represented asa sum(2) f(x) =

∑

n∈Z

cneiλ(n)xPartly supported by the Israel S
ien
e Foundation1
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onvergent almost everywhereMoreover, the perturbations α(n) = λ(n) − n 
an be obtained from anarbitrary pre-given sequen
e 0 6= ρ(k) = o(1) (k ∈ N) by rearrangementwith �nite repetitions.Convergen
e is understood with respe
t to symmetri
al partial sums,i.e. ∑
|λ(n)|<η cneiλ(n)x, η > 0.The idea of the proof below is to 
ombine a re
ent result [Ol℄ aboutapproximation by polynomials with �almost integer� frequen
ies withthe elegant Körner version of Men'shov's te
hnique, see [K℄.Représentation de fon
tions non-périodiques par des sériestrigonométriques de fréquen
es presque entières.Résumé. Inspirés par le théorème de représentation de Men'shov,nous prouvons qu'il existe une suite {λ(n)} ⊂ R̂, λ(n) = n + o(1),

n ∈ Z telle que toute fon
tion mesurable f peut être représentée 
ommesomme de séries trigonométriques 
onvergentes presque partout.Version fran
aise abrégée. Le 
élèbre théorème de Men'shov af-�rme que toute fon
tion périodique mesurable f peut être représen-tée (de manière non-unique) 
omme somme de séries trigonométriques
onvergentes presque partout. Il y a de nombreuses versions et général-isations de 
e résultat (voir [TO℄). En parti
ulier, un analogue non-periodique de 
e théorème est 
onnu (voir [D℄) dans lequel f est de-
omposée en "intégrale trigonométrique" utilisant toutes les fréquen
es.Le but de 
et arti
le est de montrer que par des petites perturbationsd'entiers on peut obtenir un spe
tre universel des fréquen
es qui per-met de représenter toute fon
tion non-périodique sur R par des sériestrigonométriques 
onvergentes point par point.Théorème. Il existe une suite réelle Λ = {λ(n)}∞n=−∞, λ(n) =
n+o(1) telle que toute fon
tion mesurable peut être représentée 
ommeune somme f(x) =

∑
n∈Z

cne
iλ(n)x 
onvergente p.p.De plus, la perturbation peut être obtenue à partir d'une suite arbi-traire 0 6= ρ(k) = o(1) donnée par réarrangement ave
 un nombre �nide répétitions.L'idée de la preuve 
i-dessous est de 
ombiner un résultat ré
ent [Ol℄sur l'approximation par des polyn�mes de fréquen
es presque entièresave
 la version élégante de Körner [K℄ des te
hniques de Men'shov.2



2. Preliminaries2.1. Notations. By a trigonometri
 polynomial we mean a �nite sum
P (x) =

∑
ake

iν(k)x, · · · ν(−1) < ν(0) < ν(1) < · · · ⊂ RThe set {ν(k)} (the spe
trum of P ) is denoted by spec P . When the
ν(k) need to be integers, we shall spe
ify so expli
itly, by saying thatthe polynomial has integer spe
trum. We will also use the followingnotations:

deg P = max |ν(k)|

||P ||A =
∑

|ak|

P ∗(x) = sup
η

∣∣∣∣∣∣
∑

|ν(k)|<η

ake
iν(k)x

∣∣∣∣∣∣
||P ||U = sup

x∈R

|P ∗(x)|

P[N ](x) = P (Nx)

m will denote the Lebesgue measure on the line.2.2. External lemmas. We use the following known results. The �rstis lemma 1 from [K℄Lemma 1. For every δ > 0 there exists some 
onstant C(δ) with sat-is�es the property that for every ǫ > 0 there exists a trigonometri
polynomial Pǫ,δ with integer spe
trum with the following properties:(1) P̂ǫ,δ(0) = 0.(2) ∣∣∣P̂ǫ,δ(n)
∣∣∣ < ǫ ∀n.(3) ‖Pǫ,δ‖U
< C(δ).(4) m ({x ∈ [0, 2π] : |Pǫ,δ(x) − 1| ≥ ǫ}) < δ.An inspe
tion of Körner's proof of this lemma will show that it ispossible to 
hoose these polynomials su
h that if ǫ1 ≤ ǫ2 and δ1 ≤ δ2then deg Pǫ1,δ1 ≥ deg Pǫ2,δ2. We shall denote d(ǫ, δ) := deg Pǫ,δ.The next proposition is a slight variation of lemma 15 from [K℄.Lemma 2. Assume P , Q are trigonometri
 polynomials, P with inte-ger spe
trum, and N is a number satisfying N > 2 deg Q. Then

(
P[N ] · Q

)∗
(x) ≤ 2||P̂ ||∞ · ||Q||A + |Q(x)| · ||P ||U .The last result is taken from [Ol℄:3



Lemma 3. If σ(n) = n+o(1), σ(n) 6= n, then the system {
eiσ(n)x

}∞

n=−∞is 
omplete in L0(R) i.e. for every measurable fun
tion f : R → Cthere exists polynomials Rk =
∑

cn,ke
iσ(n)x su
h that f(x) = lim Rk(x)a.e. Further, this is true for any subsystem {

eiσ(n)x
}
|n|>N

.3. Proof of Theorem3.1. The sets Il and the polynomials Rr,l. Our �rst step is to de�nea fast-in
reasing sequen
e ηl su
h that the sets Il := [−ηl,−ηl−1] ∪
[ηl−1, ηl] are �large enough� in the sense that the polynomials Rk inlemma 3 
an be 
onstru
ted ea
h with the spe
trum supported on one
Il.More spe
i�
ally, we shall 
onstru
t polynomials {Rr,l}0≤l, |r|≤l

, withspe
trum in {σ(n)}∞n=−∞, σ(n) := n + ρ(|n|) satisfying the followingproperties:(1) Rr,l have in
reasing spe
tra in the sense that if l1 > l2 or l1 = l2and r1 > r2 then
spec Rr1,l1 ⊂ {ξ : |ξ| > deg Rr2,l2}(2) Rr,l approximates eiσ(r)x in the sense(3) m

({
x ∈ [−lπ, lπ] : |Rr,l(x) − eiσ(r)x| ≥

1

l2

})
<

1

l3The self evident indu
tion using lemma 3 will yield these polynomials.We then de�ne ηl := deg Rl,l. Note that spec Rr,l ⊂ Il.3.2. Constru
tion of Λ. We �rst need auxiliary sequen
es of num-bers. ǫl, l ∈ N will be a sequen
e de
reasing so fast that(4) ǫl · max
|r|≤l

||Rr,l||A <
1

l2With ǫl we de�ne dl := d(ǫl, l
−3) where d(ǫ, δ) is de�ned after lemma1. Finally we de�ne bl a sequen
e of integers satisfying bl > bl−1dl−1 +

ηl−1 + 2ηl. If we now de�ne sets Il,s = Il + sbl then the sets Il,s will bedisjoint for all l and 1 ≤ |s| ≤ dl. We 
an now de�ne the sequen
e Λon the union Jl :=
⋃

1≤|s|≤dl
Il,s as follows:

λ(n + sbl) = σ(n) + sbl, σ(n) ∈ Il, 1 ≤ |s| ≤ dl.

Λ is thus de�ned on {n : σ(n) ∈
⋃

l Jl} and 
learly satis�es (1) andthat λ(n) − n ∈ {ρ(k)}∞k=0. On the remaining n's Λ 
an be de�nedto be any arbitrary sequen
e satisfying these two 
onditions � forexample λ(n) = σ(n). 4



3.3. Representation of f � de�nition of cn. Let now f : R → C beany measureable fun
tion. Our goal is to �nd 
oe�
ients cn su
h that(2) holds a.e. We shall de�ne su

essively both an in
reasing sequen
e
{l(N)} and blo
ks of 
oe�
ients 
orresponding to Jl(N) and set cn = 0if σ(n) does not belong to any Jl(N). Thus

SN :=

N∑

j=1

∑

σ(n)∈Jl(N)

cne
iλ(n)xwould be a subsequen
e of partial sums of the series (2). Suppose that

N − 1 steps are already done, so we have SN−1. We de�ne FN :=
f − SN−1.3.3.1. First approximation � GN . We use lemma 3 to approximate FNon the segment [−Nπ Nπ] with a uniform error of δN = 1

NC((N+1)−3)where the fun
tion C(δ) is taken from lemma 1; and a measure errorof 1
N2 � namely, �nd a polynomial GN =

∑
|r|<MN

are
iσ(r)x satisfying(5) m ({x ∈ [−Nπ, Nπ] : |GN(x) − FN(x)| ≥ δN}) <

1

N23.3.2. Se
ond approximation � QN . Now we 
hoose the integer l(N).We need it to be large enough, namely(6) l(N) > N, δ−1
N , MN , ||GN ||A, l(N − 1)

QN is then de�ned as follows:
QN =

∑

|r|<MN

arRr,l(N).The estimate of QN − GN follows from (3):
m {x ∈ [−Nπ, Nπ] : |QN (x) − GN(x)| ≥ δN} ≤

∑

|r|≤MN

m

{
x ∈ [−Nπ Nπ] : |Rr,l(N)(x) − eiσ(r)x| ≥

δN

||GN ||A

}
≤

∑

|r|≤MN

m

{
x ∈ [−l(N)π, l(N)π] : |Rr,l(N)(x) − eiσ(r)x| ≥

1

l2(N)

}
≤

2MN + 1

l(N)3
<

3

N2
(7)Noti
e also that

spec QN ⊂ Il(N) ∩ {σ(n)}∞n=−∞5



and �nally that(8) ||QN ||A ≤ ||GN ||A · max
|r|≤l(N)

||Rr,l(N)||A.3.3.3. Third approximation � HN . The third approximation will 
omeby multiplying QN with a 
ertain polynomial. We �rst use lemma 1,with δ = N−3 and ǫ = ǫlN . and get a polynomial PN . De�ne
HN := QN · (PN )[bl(N)] .Noti
e that deg PN ≤ dl(N) and P̂N(0) = 0. These two properties meanthat spec HN ⊂ Jl(N). Further, spec QN ⊂ {σ(n)}∞n=−∞ implies that

spec HN ⊂ Λ. This allows us to de�ne
SN := SN−1 + HN .3.4. Convergen
e of (2). We prove this in two stages: �rst that

SN(x) → f(x) a.e. and then that H∗
N(x) → 0 a.e.3.4.1. Lemma 1 
lause 4 gives

m

({
x ∈ [−Nπ, Nπ] :

∣∣∣(PN)[bl(N)](x) − 1
∣∣∣ ≥ ǫ

})
< Nδ =

1

N2
.Now, on the �good� set of x su
h that |PN(bl(N)x) − 1| < ǫ we 
an use(4) and get

|HN(x) − QN (x)| ≤ ||QN ||A · |PN(bl(N)x) − 1|

≤ ||GN ||A · max
|r|≤l(N)

||Rr,l(N)||A · ǫl(N)(9)
≤ ||GN ||A ·

1

l(N)2
≤

1

l(N)
≤ δN .Summing up (5), (7) and (9) we get for f − SN ≡ FN − HN(10) m ({x ∈ [−Nπ Nπ] : |f(x) − SN(x)| ≥ 3δN}) <

5

N2
.whi
h implies SN(x) → f(x) a.e. on R.6



3.4.2. Lemma 2 together with the estimate ||P̂N ||∞ < ǫl(N) gives us
H∗

N(x) ≤ 2ǫl(N) · ||QN ||A + |QN (x)| · ||PN ||U .The �rst summand is < 1
N

by (4), (6) and (8). Now, using (5) and (7)we get on [−Nπ Nπ] minus a set of measure 4
N2 that

|QN (x)| ≤ |FN (x)| + 2δN .(10) for N − 1 implies |FN (x)| ≤ 3δN−1 = 3
(N−1)C(N−3)

outside a set ofmeasure 5
(N−1)2

and �nally ||PN ||U < C(N−3) so the se
ond summandis ≤ 5
N−1

on [−Nπ Nπ] minus a set of measure < 9
(N−1)2

. It followsthat that H∗
N(x) → 0 almost everywhere on R. �Remark. It might be interesting to 
ompare the approximation and ex-pansion results. The 
ompleteness theorem proved in [Ol℄ means thatby arbitrary small perturbation of the integers one gets a spe
trum Λwhi
h is su�
ient for approximation of any f ∈ L0(R) by linear 
om-bination of eiλx, λ ∈ Λ. In 
ontrast to that in the expansion theoremthe perturbations 
an not de
rease fast. In parti
ular, one 
an provethat in the theorem above it is impossible to 
onstru
t the sequen
e Λto satisfy the 
ondition λ(n) = n + O(n−ǫ) for some ǫ > 0.Referen
es[Ba℄ N. Bary, 1964, A Treatise on Trigonometri
 Series, vol. II, Pergamon PressIn
., NY[TO℄ A.A. Talalyan and R.I. Ovsepyan, 1992, The representation theorems of D.E.Men'shov and their impa
t on the development of the metri
 theory of fun
-tions, in Russian Math. Surveys 47:5, 13-47.[D℄ R.S. Davtjan, 1971, The representation of measurable fun
tions by Fourierintegrals, in Akad. Nauk Armjan. SSR Dokl. 53, 203-207. Russian, Armeniamabstra
t.[K℄ T.W. Körner, 1996, 100 ans après Th-J Stieltjes, Ann. Fa
. S
i. ToulouseMath (6)[Ol℄ A. Olevski��, 1997, Completeness in L2(R) of almost integer translates, in C.R.A
ad. S
i. Paris, t. 324, Séries 1, p. 987-991.S
hool of Mathemati
al S
ien
es, Tel Aviv University, Ramat-Aviv,Israel 69978e-mail address: gady�math.tau.a
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.il

7


	1. Introduction
	2. Preliminaries
	2.1. Notations
	2.2. External lemmas

	3. Proof of Theorem
	3.1. The sets  Il and the polynomials  Rr,l
	3.2. Construction of  
	3.3. Representation of  f -- definition of  cn
	3.4. Convergence of (??)

	References

